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The correlation function is the excess probability of finding a 
galaxy near another galaxy over that in a random distribution.

Large Scale Structure 
Quantified with the correlation function  which 
is the Fourier transform of the power spectrum .

ξ(r)
P(k)

dN
N

= [1 + ξ(r)]dV ξ(r) =
V

(2π)3 ∫ P(k)e− ⃗k ⋅ ⃗r d3k

P(k) ∝ |δ(k) |2 ∝ kn

Harrison-Zeldovich spectrum has , which is a Gaussian random field. 
Inflation predicts , but different flavors of Inflationary theory predict 
slightly different values depending on the shape of the Inflationary 
potential (the Inflaton). Planck measures 

n = 1
n ≈ 1

n = 0.965 ± 0.004

Ωmh ≈ 0.2

SDSS correlation function (Zehavi et al 2005)

Power Spectrum

ξ(r) ∝ r−(n+3)

 marks the transition to the non-linear regime 
where perturbation theory no longer applies.
δ > 1



• Power spectrum of galaxies δ ≡
δρ
ρ

The power spectrum is commonly used to quantify large scale structure.
It is the related to the 2 point correlation function via Fourier transform.

ξ(r) = ⟨δ( ⃗x ) ⋅ δ( ⃗x + ⃗r)⟩2 point correlation function:

The 2 point correlation function is the probability of finding one galaxy 
near another in excess over a random distribution.

Power spectrum: P(k) = ⟨ |δk |2 ⟩ k =
2π
λ

where

ξ( ⃗r) =
V

(2π)3 ∫ |δk |2 e−i ⃗k ⋅ ⃗rd3k averaged over volume V

where k is the wavenumber corresponding to the scale λ

P(k)

Fourier transform:



Power Spectrum

Example: weather in Cleveland and Santa Barbara
More power on long time scales in Cleveland (seasonal variation)



Power Spectrum

Example: weather in Cleveland and Santa Barbara
Similar power on short time scales in Santa Barbara (diurnal variation)

Cleveland forecast

Santa Barbara forecast

A power spectrum is a Fourier transform that quantifies 
the relative variability on different scales



one frequency

two frequencies

all power in
one frequency

power now in
two frequencies

Real space Fourier space

Superposition of two sinusoids 
(e.g., diurnal and annual temperature variation)

So a smooth power spectrum has contributions from all frequencies, but also picks out which are more common.
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• Power spectrum of galaxies δ ≡
δρ
ρ

Power law power spectrum: P(k) = ⟨ |δk |2 ⟩ ∝ kn

k =
2π
λ

where n = 1 is scale free, with the same power on all scales.
This is observed to be nearly the case on large scales that have not yet 
collapsed. It is modulated on small scales by structure formation.

λOne way to think of it is the rms variation at each scale 

M ∼ λ3 δrms ∝ M−(n+3)/6

There is more rms variance on small scales, so more power there.
[On very large scales, the universe is homogeneous, so no variance.]

By convention, the normalization is set on a scale of 8 Mpc, where

δNgal

Ngal
= 1 with corresponding mass variance σ8



Planck estimates:
σ8 = 0.811 ± 0.006
n = 0.965 ± 0.004

P(k)
∝ k0

.965
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galaxy 2 point function
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P(
k)

at
z

=
0

Jeans length at matter-
radiation equality

λJ = cs
π

Gρ

sound speed of 
photon-baryon fluid

c2
s =

∂P
∂ρ

=
1
3

c2

at smaller scales, things go 
non-linear from gravitational 
collapse, pressure, dissipation, 
feedback, etc. Described by a 
Transfer function

P(k) ∝
k −2

T(k) ≡
δk(z = 0)
D(z)δk(z)

where D(z) is the linear growth 
factor - what it would have been 
without all these nasty non-linear 
effects.

imprints standard rod on 
surface of last scattering.

P =
1
3

ρc2

For photons,



Large Scale Structure 
Quantified with the correlation function  which 
is the Fourier transform of the power spectrum .

ξ(r)
P(k)

CMB power spectrum at z = 1000 in linear regime mapped 
to galaxy power spectrum at z=0 by calculation of D(z)

The correlation function is the excess probability of finding a 
galaxy near another galaxy over that in a random distribution.

Large Scale Structure 
Quantified with the correlation function  which 
is the Fourier transform of the power spectrum .

ξ(r)
P(k)

dN
N

= [1 + ξ(r)]dV ξ(r) =
V

(2π)3 ∫ P(k)e− ⃗k ⋅ ⃗r d3k

P(k) ∝ |δ(k) |2 ∝ kn

Harrison-Zeldovich spectrum has , which is a Gaussian random field. 
Inflation predicts , but different flavors of Inflationary theory predict 
slightly different values depending on the shape of the Inflationary 
potential (the Inflaton). Planck measures 

n = 1
n ≈ 1

n = 0.965 ± 0.004

ξ(r) ∝ r−(n+3)

T(k) ≡
δk(z = 0)
D(z)δk(z)



Detailed shape of the acoustic power spectrum depends sensitively on cosmic parameters. 
First and foremost, the location of the first peak measures the angular diameter distance to the surface of last 
scattering. This is the best evidence that the universe is very nearly flat:  (Planck X 2018)Ωk = − 0.011 ± 0.006
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Detailed shape of the acoustic power spectrum 
depends sensitively on cosmic parameters. 

Best-fit cosmology obtained from multi-parameter fit. 
Well constrained, but not unique - lots of parameter 

degeneracy. 

Wayne Hu provides a nice CMB tutorial at http://background.uchicago.edu/index.html

Damped and driven oscillator 

Baryons damp oscillations, like a 
kid dragging his feet on a swing. 

pure damping spectrum in limit 
of all baryons 

Dark matter helps drive oscillations, 
like a parent pushing the kid.
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Compression and rarefaction 
nearly cancel out, but don’t 
quite. Left with



CMB dependence on the density of baryonic and non-baryonic matter

Fix CDM; vary baryons Fix baryons; vary CDM

No CDM

Damped and driven oscillator 

Baryons damp oscillations, like a 
kid dragging his feet on a swing. 

pure damping spectrum in limit 
of all baryons 

Dark matter helps drive oscillations, 
like a parent pushing the kid.



|⌦K | < 0.005
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baryons a net drag CDM a net forcing term



3rd peak strong evidence for 
physics beyond baryonic drag

unbinned data

binned data
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3rd peak strong evidence for 
physics beyond baryonic drag. 

This is usually interpreted to 
require the existence of non-
baryonic cold dark matter, 
which Planck requires at over

: 
 

However, the interpretation 
remains ambiguous - could 
also be a modification of 
gravity (e.g., RelMOND: arXiv:
2007.00082 gives an identical 
power spectrum.)

50 σ
ΩCDMh2 = 0.1206 ± 0.0021



Detailed shape of the acoustic power spectrum 
depends sensitively on cosmic parameters. 

https://wiki.cosmos.esa.int/planck-legacy-archive/images/b/be/Baseline_params_table_2018_68pc.pdf

Best-fit cosmology obtained from multi-parameter fit. 
Well constrained, but not unique - lots of parameter 

degeneracy. 



H0
13 < Age < 14 Gyr

Age (open)

Age (flat)

⌦m

Planck constraint: ⌦mh3 = 0.0959± 0.0006

Expansion rate
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Cosmology today: tension in H0   …and Ωm

The CMB best fits have marched away from the original concordance region

ΩMh3 = 0.0959



Measurements of  the gravitating mass density

• Cluster M/L
– measure M/L of a cluster, combine with measured 

luminosity density of universe.
• Weak lensing

– measure shear over large scales
• Peculiar Velocity Field

– measure deviations from Hubble flow
• Power spectrum of galaxies
• CMB fits



Measurements of  the gravitating mass density

• Cluster M/L
– measure M/L of a cluster, combine 

with measured luminosity density of 
universe.

– j from integrating the luminosity 
function of galaxies:

– Also, cluster baryon fractions:

– both assume clusters are 
representative of the whole.

ρm = ( M
L ) j

Ωm =
Ωb

fb
fb =

Mb

Mtot

Ωm ≈
1
4

Bahcall, Lubin, & Dorman (1995)



Measurements of  the gravitating mass density

• Weak lensing
– measure shear over large scales

Ωm ≈ 0.18 ± 0.04

Ωm = 0.179+0.031
−0.038

Dark Energy Survey 
arxiv:2002.11124

Hasn’t changed much. Hoekstra et al (2001) state

“For … Ωm+ΩΛ=1, we obtain Ωm=0.13+/-0.07.”



Measurements of  the gravitating mass density

• Peculiar Velocity Field
– measure deviations from Hubble flow

⌦m = 0.25± 0.05

δV
V

≈
d ln H
d ln ρ

δρ
ρ

≈ −
1
3

Ω0.6
m

b

δρg

ρg

in linear regime
δρ
ρ

≪ 1
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BIAS b 
relates 

galaxy over-densities 
to mass over-densities

bi
as

Tonry & Davis (1981), updated to modern H0 
basically unchanged for nearly 40 years


