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Today 
Observational Tests 

Time-redshift 
Luminosity Distance-redshift 

Angular Size Distance-redshift 
relations in FLRW 

homework 2 due Thu 9/19



r = c∫
t2

t1

dt
a(t)

= c∫
t3

t2

dt
a(t)

we know the expansion factor from the redshift

a(t2)
a(t1)

= 1 + z1→2

Once we know (or assume) what kind of universe we live in, 
we specify the expansion history a(t).

comoving coordinates constant

a photon propagating through the expanding 
universe traverses a distance element

dℓ = cdt = a(t)dr

The comoving separation between two points is fixed, so

and

relates the redshift to the expansion factor

a(t3)
a(t2)

= 1 + z2→3



Dp(t0) = c∫
t0

te

dt
a(t)

te

t0

The proper distance

a(t) ≈ 1 + H0(t − t0) −
1
2

q0H2
0(t − t0)2 + . . .



Dp(ze) =
c

H0 ∫
ze

0

dz
E(z)

te

t0

In terms of redshift,

For zero cosmological constant, there is an 
exact solution known as Mattig’s equation:

Dp(z) =
2c
H0

[zΩm + (Ωm − 2)( 1 + zΩm − 1])
Ω2

m(1 + z)

In general, there is no analytic solution, but 
can approximate with the Taylor expansion:

Dp(z) =
c

H0 [z −
1
2

(1 + q0)z2]

Dp(z) =
cz
H0

Where the leading term is Hubble’s Law

https://ned.ipac.caltech.edu/level5/Peacock/Peacock3_4.html


H =
·a
a

a = (1 + z)−1

Friedmann equation

Ωm + Ωr + Ωk + ΩΛ = 1

·a
a

= H0E(a)

For time rather than distance

H0 ∫
to

te

dt = ∫
1

ae

da
aE(a)

= ∫
ze

0

dz
(1 + z)E(z)

E(z) = Ωm0
(1 + z)3 + Ωr0

(1 + z)4 + Ωk0
(1 + z)2 + ΩΛ0

H0(t0 − te) = ∫
ze

0

dz
(1 + z)E(z)

is the Lookback time - the time since the photon was emitted.(t0 − te)

note that limits of the integral get flipped



H =
·a
a

a = (1 + z)−1

Ωm + Ωr + Ωk + ΩΛ = 1
The age of the universe is obtained by setting

E(z) = Ωm0
(1 + z)3 + Ωr0

(1 + z)4 + Ωk0
(1 + z)2 + ΩΛ0

H0t0 = ∫
∞

0

dz
(1 + z)E(z)

te = 0 ; z → ∞

t0 ≈ ( 2
3H0 )(0.7Ωm0

+ 0.3 − 0.3ΩΛ0
)−0.3

which can be approximated by

There is no deep theory in this last formula. 
It is just a fitting formula that approximates the answer to a few %. 

Similarly, the redshift-age of a matter dominated universe can be approximated as

1
t(z)

≈ H(z)[1 +
1
2

Ω0.6
m (z)] Peacock (3.46)



Flat cosmologies
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Zero cosmological constant
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These cosmologies have 
only decelerated, so must 
have ages less than one 
Hubble time.

Peebles, Principles of Physical Cosmology



Solutions from Felten & Isaacman (1986) Reviews of Modern Physics, 58, 689

No cosmological constant Flat geometry

LCDM



Solutions from Felten & Isaacman (1986) Reviews of Modern Physics, 58, 689

Can in principle have solutions in which 
there was no Big Bang in the past, 
depending on the value of Lambda.

 all non-zeroΩm, ΩΛ, Ωk



Observational Tests

• Luminosity-redshift relation 

• Angular size-redshift relation 

• Number-redshift relation 

• Number-magnitude relation 

• Tolman test

Five Classic Tests

DL − z

DA − z

N(z)

N(m)

Σ(z)

Standard Candle

Standard Rod

Source counts with redshift

Source counts with magnitude

Surface brightness not distance independent  
in Robertson-Walker geometry

Other tests are possible. E.g., one could in principle make an age-redshift test - if one could confidently measure ages of objects at cosmic distances.



LCDMLCDM age-redshift relation (  Gyr)H0 = 70, Ωm = 0.3; t0 = 13.5
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• Age-redshift relation

Zero cosmological constant

Flat cosmologies



age-redshift test now possible with JWST

arXiv:2409.03829

Age-redshift test enabled by 
JWST observations

https://arxiv.org/abs/2409.03829


• Tolman Test
Surface brightness dimming

No surface brightness dimming in Euclidean geometry

Lots of surface brightness dimming in Robertson-Walker geometry

Σ ∼
f

θ2
∼

D−2

D−2
∼ constant

Σ ∼
f

θ2
∼

D−2
L

D−2
A

∼
D−2

p (1 + z)−2

D−2
p (1 + z)2

∼ (1 + z)−4

Surface brightness dims as a strong function of redshift!

The Tolman test is a sanity check:  
it does not distinguish between FLRW models: the same amount of dimming occurs in all. 

In practice, it is hard to distinguish from evolutionary effects. 

Also referred to as  dimming.(1 + z)4



• Angular size-redshift relation

Li (2023)   Fig. 3

angular sizes of compact 
radio sources



• Angular size-redshift relation

Li (2023)   Fig. 4

angular sizes of compact 
radio sources

q0


