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Today 
Observational Tests 

Luminosity Distance-redshift 
    e.g., Type Ia SN 
Angular size-redshift 
Number Counts  
    e.g., Galaxy N(m), N(z) 

homework 2 due next time



Observational Tests

• Luminosity-redshift relation 

• Angular size-redshift relation 

• Number-redshift relation 

• Number-magnitude relation 

• Tolman test

Five Classic Tests

DL − z

DA − z

N(z)

N(m)

Σ(z)

Standard Candle

Standard Rod

Source counts with redshift

Source counts with magnitude

Surface brightness not distance independent  
in Robertson-Walker geometry

Other tests are possible. E.g., one could in principle make an age-redshift test - if one could confidently measure ages of objects at cosmic distances.



Zero cosmological constantFlat cosmologies

Luminosity Distance-redshift relations
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• Luminosity-redshift relation

Peebles Fig. 13.6

distance-redshift pairs



• Type Ia Supernovae

Example Standard Candle:

Survey wide swath of sky, imaging 
repeatedly over many nights, 
looking for change. If you look at 
enough galaxies, you’ll see SN go 
off.

Perlmutter et al. (1998)



Type Ia SN not quite standard candles, 
but standardizable: the peak brightness 
correlates with rest-frame decay time.

mmax,corr = Mmax,corr − 5 log H0 + 25 + 5 log (cz(1 +
1 − q0

2
z))

Mmax,corr = Mmax,obs + f(Δt)
Δtbright

Δtfaint



Calan/Tololo�
(Hamuy et al, �
A.J. 1996)

Supernova�
Cosmology�
Project

Perlmutter, et al. (1998)
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Hubble diagram 
apparent magnitude vs. redshift 

equivalent to distance modulus for standard candle 
(M constant)

This example for Type Ia SN from the 
Supernova Cosmology Project 
(won the Nobel Prize in Physics in 2011)

• Luminosity-redshift relation

The lines are for different 
cosmologies, as on the 
previous slide. The trick is 
distinguishing between them.



The Type Ia SN constraint practically 
excluded non-zero cosmological constant, 
but it did not provide a strong constraint 
on  and  individually. 

LCDM depended on the inclusion of other 
information, like independent measures of 
the mass density and the assumption of a 
flat geometry.

Ωm ΩΛ

• Luminosity-redshift relation     
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42 Supernovae
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There is a LOT more to the history of this subject; see  
https://tritonstation.com/2019/01/28/a-personal-recollection-of-how-we-learned-to-stop-worrying-and-love-the-lambda/



Type Ia SN Hubble diagram 
(more recent data)

• Luminosity-redshift relation

LCDM

critical
Ωm = 1

There is a LOT more to the history of this subject; see  
https://tritonstation.com/2019/01/28/a-personal-recollection-of-how-we-learned-to-stop-worrying-and-love-the-lambda/

q0 = 0.5

q0 ≈ − 0.5



• Angular size-redshift relation

Ideal case: 
a Standard Rod  
an object of constant, known size   ℓ

θ =
ℓ

DA

angular extent & size

DA =
Dp

(1 + z)

Angular size distance

DA =
DL

(1 + z)2

Note that

θ

ℓ

dA



• Angular size-redshift relation

Ryden Fig. 6.4
(2nd ed)

LCDM

critical Ωm = 1

de Sitter

Note that the 
angular diameter 
distance never 
exceeds the Hubble 
length.  

Sometimes has a 
maximum!

Angular diameter distance-redshift relations



Angular size can 
have a minimum in 
non-Euclidean 
geometries because 
of the divergence of 
light rays. Beyond 
the distance 
corresponding to 
this minimum size, 
objects start to look 
bigger again!

For LCDM, the 
minimum angular size 
occurs around  
at 

z ≈ 1.6
DA ≈ 1.75 Gpc

θ ∼
ℓ

DA



• Angular size-redshift relation

Zero cosmological constantFlat cosmologies

Angular Size-redshift relations

Initially objects decline in angular size with increasing distance, but this trend reverses at high redshift in the Robertson-Walker geometry!

Peebles Fig. 13.5

Euclidean decline



• Angular size-redshift relation

Gurvits et al. (1999)
Fig. 10

angular sizes of compact 
radio sources

q0



Hubble Ultra Deep Field

• Number-magnitude relation



ds2 = − c2dt2 + a2(t)[ dr2

1 − kr2
+ r2(dθ2 + sin2 θdϕ2)]

Robertson-Walker metric

Volume

V = a3 ∫
r

0

r2dr

1 − kr2 ∫
π

0
sin θdθ∫

2π

0
dϕ

integrates to

V =
4π
3

(ar)3 f(r) f(r) = 1

3
2

sin−1 r
r3

−
1 − r2

r2

3
2

1 + r2

r2
−

sinh−1 r
r3

k = 0

1

−1

{ {for

An open universe ( ) is “bigger” than a closed universe ( )Ωm < 1 Ωm > 1

Cosmic Volume



Dp = a(t)∫
r

0

dr

1 − kr2

in terms of the proper distance

we can make the Taylor expansion

V =
4π
3

D3
p 1 −

k
5 (

Dp

R )
2

+ 𝒪 (
Dp

R )
4

Note that the volume increases as the curvature becomes more negative, 
so a closed universe is “small” 
and an open universe is “big”

k
R2

is the curvature 
of space

Sandage (1988, ARA&A, 26, 561)

Cosmic Volume



Euclidean

Note: in 1988, we didn’t consider 
 to be a physical possibilityq < 0

Note: decelerating cosmologies have “less” 
volume than Euclidean. The long(N)-m 
diagram should have a slope < 0.6.

Cosmic Volume



Since the volume depends on curvature, source counts N(m) provide a test

Historically, radio source counts in the 1960s played an important role in excluding the Steady State cosmology.

For sources of luminosities L and constant comoving number density ,Φ(L)

Number-redshift:

Number-magnitude:

N( < z) =
4π

3H2
0

z3 ∫
∞

0
Φ(L)[1 +

3
2

z(1 + q0)] dL

N( < f ) =
4π
3

(4πf )−3/2 ∫
∞

0
Φ(L)[1 − 3H0 ( L

4πf )
1/2

] L3/2dL

• Number-redshift and Number-magnitude relations

homogeneity, no evolution{



Flat No cosmological constant

Peebles 13.8



Yoshii & Peterson (1995)

“we find that these number count data favor a flat, low-density  universe with a nonzero cosmological constant.”Ωm ∼ 0.2


