
–some stuff I just made up to fill this space

–William Gibson

“The future is already here – 
it's just not evenly distributed.” 

the future that now has passed

“The past is a frozen image we can 
never fully perceive.” 



NGC 6946

Rotation curve data from
Boomsma et al (2008) [HI]
Daigle et al (2006) [H𝛂]
Blais-Ouellette et al (2004) [H𝛂]

Rotation curve

tilted ring model

21cm interferometric observations give atomic gas distributions and velocity fields

to which we make tilted ring fits

The sinusoidal variation 
of velocity in each ring 
measures the position 
angle,  inclination, and 
rotation curve Vc(R).

Vf

V sini = Vsys + Vc cosθ + Vr sinθ

THINGS (Walter et al. 2008; de Blok et al. 2008)
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Example analysis for one galaxy. Left: position–velocity diagrams along the major (top) and 
minor (bottom) axis. Center: 2D Hi map (top), velocity field (middle), and velocity dispersion 
(bottom). The left panels show the data, the center panels the fitted model, and the right panels the 
residuals. Right: derived radial quantities: the rotation curve (top left, with Vf noted in grey), the 
Hi surface density (top right), followed by the velocity dispersion, system redshift, inclination, 
position angle, and x and y centroids.

3D modeling



Major axis cut 
through 
velocity field

Minor axis cut 
through 
velocity field
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rotation curve HI surface density

velocity dispersion system redshift

inclination position angle

x-center y-center

V
σ

≈ 15

V ≈ 150

σ ≈ 10

Most spirals have large . 
In this case,

V/σ

so almost all kinetic energy 
is in rotation. This is a “cold” 
disk. 

Don’t need to worry (too 
much) about the velocity 
dispersion or flows along the 
spiral arms (both of order 10 
km/s)



Gotta do this for every galaxy, each of which has its own individual mass distribution

Example analysis for one galaxy. Left: position–velocity diagrams along the major (top) 
and minor (bottom) axis. Center: 2D Hi map (top), velocity field (middle), and velocity 
dispersion (bottom). The left panels show the data, the center panels the fitted model, 
and the right panels the residuals. Right: derived radial quantities: the rotation curve (top 
left, with Vf noted in grey), the Hi surface density (top right), followed by the velocity 
dispersion, system redshift, inclination, position angle, and x and y centroids.



Sometimes the data leave something to be desired

Example analysis for one galaxy. Left: position–velocity diagrams along the major (top) 
and minor (bottom) axis. Center: 2D Hi map (top), velocity field (middle), and velocity 
dispersion (bottom). The left panels show the data, the center panels the fitted model, 
and the right panels the residuals. Right: derived radial quantities: the rotation curve (top 
left, with Vf noted in grey), the Hi surface density (top right), followed by the velocity 
dispersion, system redshift, inclination, position angle, and x and y centroids.
Note that in this case, the kinematic minor axis is not orthogonal to the major axis.



Sometimes the data leave something to be desired

V2
c (R) = ⟨Vϕ⟩2 − ⟨VR⟩2(1 +

∂ ln ν
∂ ln R

+
∂ ln⟨VR⟩2

∂ ln R )

In this case, the velocity dispersion is comparable to 
the rotation speed,  km/s and Vrot = 23 km/s. 
Need to account for total kinetic energy to assess the 
gravitational potential.

σ = 12

The Jeans equation is one approach to account for 
noncircular motion:

Velocity of a test particle on a circular orbit (a representation of the potential)

Measured speed in rotation direction

Measured velocity dispersion in radial direction

Slope of the density profile of tracer particles

Slope of the radial velocity dispersion profile

(large when noncircular motions are important)

(Noncircular motion sometimes referred to as “asymmetric drift”)



stellar disk

gas

baryons

Example: model Milky Way

V2
c (R) = ⟨Vϕ⟩2 − ⟨VR⟩2(1 +

∂ ln ν
∂ ln R

+
∂ ln⟨VR⟩2

∂ ln R )

smooth exponential



Now have all that we need to describe the mass distribution, 

the corresponding gravitational potential, and 


the resulting equilibrium kinematics

• Mass distribution


• stellar disk


• central bulge


• atomic gas


• molecular gas


• etc.

• Gravitational Potential


• Each component distinct


• Add linearly in Newton


• Kinematics


• rotation


• pressure (velocity dispersion)



• Flat rotation curves (Rubin-Bosma Law)


• Tully-Fisher relation (Luminous, Stellar Mass, and Baryonic TF relations)


• Central density relation (lower surface brightness galaxies exhibit larger mass discrepancies)


• Renzo’s rule (Sancisi’s Law)


• Radial acceleration relation

Rotation curves tend asymptotically towards a constant rotation 
velocity that persists to indefinitely large radii:

The baryonic mass of galaxies scales as the 
fourth power of the flat rotation velocity: Mb = AV 4

f
<latexit sha1_base64="n/ZqwIctYkrswvnH8ie/bnDvHwM=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKwHgQIl68CBHMA5J1mZ3MJkNmH870CiHkJ7wonhR/xl/wb5wke0liwUBRVUN3tZ9IodG2f63c2vrG5lZ+u7Czu7d/UDw8auo4VYw3WCxj1fap5lJEvIECJW8nitPQl7zlD2+nfuuFKy3i6BFHCXdD2o9EIBhFI7n3nk+uyQ1pesFTxSuW7LI9A1klTkZKkKHuFX+6vZilIY+QSap1x7ETdMdUoWCSTwrdVPOEsiHt8/Fs1Qk5M1KPBLEyL0IyUxdyNNR6FPomGVIc6GVvKv7ndVIMqu5YREmKPGLzQUEqCcZk2pv0hOIM5cgQypQwGxI2oIoyNNcpmOrOctFV0rgoX5Xth0qpVs1ukIcTOIVzcOASanAHdWgAg2d4g0/4sqT1ar1bH/Nozsr+HMMCrO8/tk6MCQ==</latexit><latexit sha1_base64="n/ZqwIctYkrswvnH8ie/bnDvHwM=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKwHgQIl68CBHMA5J1mZ3MJkNmH870CiHkJ7wonhR/xl/wb5wke0liwUBRVUN3tZ9IodG2f63c2vrG5lZ+u7Czu7d/UDw8auo4VYw3WCxj1fap5lJEvIECJW8nitPQl7zlD2+nfuuFKy3i6BFHCXdD2o9EIBhFI7n3nk+uyQ1pesFTxSuW7LI9A1klTkZKkKHuFX+6vZilIY+QSap1x7ETdMdUoWCSTwrdVPOEsiHt8/Fs1Qk5M1KPBLEyL0IyUxdyNNR6FPomGVIc6GVvKv7ndVIMqu5YREmKPGLzQUEqCcZk2pv0hOIM5cgQypQwGxI2oIoyNNcpmOrOctFV0rgoX5Xth0qpVs1ukIcTOIVzcOASanAHdWgAg2d4g0/4sqT1ar1bH/Nozsr+HMMCrO8/tk6MCQ==</latexit><latexit sha1_base64="n/ZqwIctYkrswvnH8ie/bnDvHwM=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKwHgQIl68CBHMA5J1mZ3MJkNmH870CiHkJ7wonhR/xl/wb5wke0liwUBRVUN3tZ9IodG2f63c2vrG5lZ+u7Czu7d/UDw8auo4VYw3WCxj1fap5lJEvIECJW8nitPQl7zlD2+nfuuFKy3i6BFHCXdD2o9EIBhFI7n3nk+uyQ1pesFTxSuW7LI9A1klTkZKkKHuFX+6vZilIY+QSap1x7ETdMdUoWCSTwrdVPOEsiHt8/Fs1Qk5M1KPBLEyL0IyUxdyNNR6FPomGVIc6GVvKv7ndVIMqu5YREmKPGLzQUEqCcZk2pv0hOIM5cgQypQwGxI2oIoyNNcpmOrOctFV0rgoX5Xth0qpVs1ukIcTOIVzcOASanAHdWgAg2d4g0/4sqT1ar1bH/Nozsr+HMMCrO8/tk6MCQ==</latexit>

V (R ! 1) ! Vf
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Empirical Laws of Galactic Rotation

The central dynamical surface densities of galaxies 
is related to their central surface brightnesses: ⌃dyn(R ! 0) = f [⌃⇤(R ! 0)]
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“For any feature in the luminosity profile there is a corresponding 
feature in the rotation curve and vice versa.” (Sancisi 2004).

The observed centripetal acceleration is related to that 
predicted by the observed distribution of baryons: gobs = F(gbar)
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Rotation curves tend to 
become flat at large radii

Optical data from
Rubin, Thonnard, & Ford 1978, ApJ, 225, L107

M � R

� � R�2

V / const



MASS DISTRIBUTION AND DARK HALOS 87 

DISCUSSION 

KALNAJS : The customary approach of deducing mass distribution from 
rotation curves involves an implicit or explicit extrapolation of the 
velocity data, and the often reported rise of M/L usually begins where 
the observed information runs out. I would like to show you a slide 
depicting four rotation curves computed from photometric data which has 
been converted into mass distributions by assuming that M/L is constant 
within a galaxy. The photometry extends to faint enough limits to comple-
tely determine the rotation curves. For NGC 4378 it was necessary to 
decompose the light into a bulge and a disk. For the others the decom-
position gave essentially the same curves as would have been obtained 
from pure disks. 
The rotation curves agree well with the observed velocity points, and 
thus demonstrate that the flat rotation curves of NGC 7217 and NGC 4378 
need not lead one to conclude that there is dark matter in the outer 
parts of these galaxies. 
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Rotation curves computed from photometry assuming a constant M/L within 
each galaxy. The dots are the measured velocities. The values of M/L used 
are 5.0, 2.9, 4.2 and 6.5. 
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88 U. HAUD AND J. EINASTO 

? 

M M ? 

somebody HA, HA, HA. 
*** , ??? , ! ! ! 

(The audience becomes restive and the massive halo enthusiasts slowly 
regain their composure). 

HAUD : This is very interesting, but note the limited extent of the 
rotation curves of these four galaxies. Three of them extend to radii 
less than 12 kpc and the fourth one reaches 25 kpc. Usually the M/L 
starts to increase rapidly only outside roughly 30 kpc,and only giant 
galaxies have coronas. 

RUBIN (to Kalnajs) : It is true that the analysis of the rotation curves 
presents the mass interior to any R, but not the distribution of the 
mass. Thus^while the mass could be in a disk, there are other reasons, 
stability especially, that suggest a halo. The velocities you show for 
NGC 4378 and 7217 come from our data, and both rotation curves are 
fairly exceptional in that the velocities fall slightly with increasing 
R. I suspect you would have more difficulty in fitting with constant 
M/L a flat or slightly rising rotation curve which extends to very large 
radii. In any case, it seems to me^you must be saying that the surface 
brightness of these galaxies falls slower than exponentially with 
increasing R. 

GOTTESMAN : As a contrast to Dr Haudfs presentation, I would like to 
offer the barred spiral NGC 3992. The HI in this system has been well-
observed at the VLA. This data allows a mass to be determined within a 
radial distance of 15 - 20 kpc. There are.also three satellites whose 
atomic hydrogen emission has been detected. Following the method of 
Bahcall and Tremaine one can use the satellites to calculate a mass 
within ^ 60 kpc of NGC 3992. Within the errors,the two masses calculated 
are the same (y 2 10 1 1 M ). 

9 
One can also invert the argument. If NGC 3992 had an isothermal halo, the 
expected velocities of the satellites would be 3-4 times greater than 
observed values. Jim Hunter and I have therefore concluded that there is 
little or no room for a massive halo 10 times greater than the disk mass. 
The problem then remains to explain the observed flat rotation curve. 

HAUD : I think that a mass calculated from three satellites only may 
have large statistical errors. 
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Tully-Fisher: Rotation curve amplitude 
correlates with observed mass:

Flat rotation curves continue to occur in quite 
small systems (e.g., Leo P with Vf ~ 15 km/s)
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Tully-Fisher relations: amplitude of flat rotation speed correlates with mass

Baryonic Tully-Fisher relationStelar mass Tully-Fisher relation



No residuals from BTFR with size or surface density for disks

V 2 =
GM

R
⇥ � log(V )

� log(R)
= �1

2 expected slope (dotted line)

large range in size at a 
given mass or velocity

Note:

si
ze



Rotation curve shape correlates with baryonic surface density

SPARC data
Lelli et al. (2016, 2017)
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TF pair

Radius in physical units (kpc)
Persic & Salucci 1996
de Blok & McGaugh 1996
Tully & Verheijen (1998)
Nordermeer & Verheijen (2007)  [URC nor quite right formulation]
Swaters et al. (2009)



Radius normalized by size of disk.
Persic & Salucci 1996
de Blok & McGaugh 1996
Tully & Verheijen (1998)
Nordermeer & Verheijen (2007)  [URC nor quite right formulation]
Swaters et al. (2009)

The dynamics knows about the distribution 
of baryons, not just their total mass



Rotation curve shape correlates with baryonic surface density

SPARC data
Lelli et al. (2016, 2017)
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BTFR only probes

outer flat velocity



Rotation curve shape correlates with baryonic surface density

SPARC data
Lelli et al. (2016, 2017)

Wha
t a

bo
ut

inn
er 

pa
rts

?

102



ce
nt

ra
l s

ur
fa

ce
 d

en
si

ty

central surface brightness

The dynamical central mass surface density correlates 
with the central surface brightness of stars in galaxies.

Central Density Relation Lelli et al. (2016)

Σ†

⌃dyn(0) =
1

2⇡G

Z 1

0

V 2(R)

r2
dR

Toomre (1963)

Σ† = 870 M⊙ pc−2

Mass surface 
density 

indicated by 
kinematics



Central Density Relation

low surface brightness high surface brightness
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large  
dV
dR

small  
dV
dR



If you measure V(R in kpc) you infer diversity.

If you measure V(R in scale lengths) you infer uniformity.

The mass knows about the scale length of the light.

What you get depends on how you look at it: what you assume & what you choose to measure:



• Renzo’s Rule:  (2004 IAU; 1995 private communication)
“When you see a feature in the light, you see a 
corresponding feature in the rotation curve.”

central bulge

stellar disk
gas disk



V2 = GM/R

M is small 
but so is R

The central bulge component of NGC 6946 is only ~5% of the 
total light, but it has a perceptible effect on the kinematics.


Note the up-down-up morphology - this requires a maximal 
bulge; can’t explain that with a dark matter halo.



In NGC 1560,
a marked feature
in the gas is 
reflected in the
kinematics, even
though it accounts 
for little of the 
dynamical mass.

Renzo’s Rule:
“When you see a feature in the light, you see a 
corresponding feature in the rotation curve.”

Gentile et al. (2010)



Rotation curve shape correlates with baryonic surface density

SPARC data
Lelli et al. (2016, 2017)
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Rb Re R2.2

Vb

Vf

[3.6] surface brightness profile

Rotation curve

The observed centripetal 
acceleration is linked to that 
predicted by the observed 
distribution of baryons.

What about everything in between?

gobs =
V 2

R
<latexit sha1_base64="JRYz+c0rdQ4Q//v3BPQgex/rNuc=">AAACCHicbVDLSsNAFL2pr1pfUZduBougm5JUQTdC0Y3LKvYBTS2T6aQdOnkwMxFKyA+48VfciLhRcOUv+DdO2rho64WBwzlnuPccN+JMKsv6MQpLyyura8X10sbm1vaOubvXlGEsCG2QkIei7WJJOQtoQzHFaTsSFPsupy13dJ3prUcqJAuDezWOaNfHg4B5jGClqZ554vhYDYWfDNJe8odDV6YpukSOJzBJmg/VNLlLe2bZqliTQYvAzkEZ8qn3zG+nH5LYp4EiHEvZsa1IdRMsFCOcpiUnljTCZIQHNJkESdGRpvrIC4V+gUITdsaHfSnHvqud2alyXsvI/7ROrLyLbsKCKFY0INNFXsyRClHWCuozQYniYw0wEUxfiMgQ6/RKd1fS0e35oIugWa3YpxXr9qxcu8pLKMIBHMIx2HAONbiBOjSAwDO8wgd8Gk/Gi/FmvE+tBSP/sw8zY3z9AuEamks=</latexit>

gbar = �@�bar

@R
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gobs =
V 2

R
determined from rotation curve determined from baryon distribution

independent quantities gbar = �@�bar

@R
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(RAR)
153 galaxies

rms = 0.13
s = 0.11

Constructed from 153 galaxies 
with 21cm rotation curves and 
near-IR surface photometry from 
the Spitzer space telescope.


Apparently the mass-to-light ratio 
in the near-IR is close to constant: 
individual galaxies do not stand 
out in this relation.

Radial Acceleration Relation



http://astroweb.case.edu/SPARC/RARmovie.mp4



• Flat rotation curves (Rubin-Bosma Law)


• Tully-Fisher relation (Luminous, Stellar Mass, and Baryonic TF relations)


• Central density relation (lower surface brightness galaxies exhibit larger mass discrepancies)


• Renzo’s rule (Sancisi’s Law)


• Radial acceleration relation

Rotation curves tend asymptotically towards a constant rotation 
velocity that persists to indefinitely large radii:

The baryonic mass of galaxies scales as the 
fourth power of the flat rotation velocity: Mb = AV 4

f
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V (R ! 1) ! Vf
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Empirical Laws of Galactic Rotation

The central dynamical surface densities of galaxies 
is related to their central surface brightnesses: ⌃dyn(R ! 0) = f [⌃⇤(R ! 0)]
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“For any feature in the luminosity profile there is a corresponding 
feature in the rotation curve and vice versa.” (Sancisi 2004).

The observed centripetal acceleration is related to that 
predicted by the observed distribution of baryons: gobs = F(gbar)
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