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No residuals from TF with size or surface density

V 2 =
GM

R

which is strange, since

TF pair: two galaxies with the same mass and rotation speed, 
but very different size and surface density.



No residuals from TF with 
size or surface brightness

(Zwaan et al 1995; Sprayberry et al 
1995; McGaugh & de Blok 1998)

V2 =
GM

r

V4 =
G2M2

r2

V4 ∝ ( M
r2 ) M = ΣM

TF recovered iff surface 
density  constantΣ

V4 ∝ M



No residuals from TF with size or surface density for disks

V 2 =
GM

R
⇥ � log(V )

� log(R)
= �1

2 expected slope (dotted line)

large range in size at a 
given mass or velocity

Note:

TF already the edge-on projection of disk fundamental plane

despite lots of scatter in size-mass relation



Baryonic TF Relation
• Fundamentally a relation between the baryonic 

mass of a galaxy and its rotation velocity

• Mb = M* + Mg = A Vf4  

• doesn’t matter if it is stars or gas

• Intrinsic scatter negligibly small

• Can mostly be accounted for by the expected 
variation in stellar M*/L

• Physical basis of the relation remains unclear

Relation has real physical units if slope has integer value -
Slope appears to be 4 if  Vflat is used.

A = 47 M⊙ km−4 s4

Normalization consistently in the range 
 over the past 20 years. 45 < A < 50



Rubin

Verheijen

Begeman

Broeils

Rotation curve shape depends on the distribution of stars and gas

Rotation curve amplitude depends on the mass of stars and gas (BTFR)



Rotation curve shape correlates with baryonic surface density

SPARC data
Lelli et al. (2016, 2017)

102



Radius normalized by size of disk.
Persic & Salucci 1996
de Blok & McGaugh 1996
Tully & Verheijen (1998)
Nordermeer & Verheijen (2007)  [URC nor quite right formulation]
Swaters et al. (2009)

The dynamics knows about the distribution 
of baryons, not just their total mass
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central surface brightness

The dynamical central mass surface density correlates 
with the central surface brightness of stars in galaxies.

Central Density Relation Lelli et al. (2016)
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Σ† = 870 M⊙ pc−2



Σdyn(0) =
1 + q0

2πG ∫
∞

0

V2

R2
dR

Dynamical central mass surface density :Σdyn(R = 0)

 is the disk thickness: q0 q0 ≈ 0.15

Σdyn(0) =
1

2π
Σ† f(y) y =

Σ*(0)
2πΣ†

f(y) =
y
2

+ y1/2 (1 +
y
4 )

1/2

+ 2 sinh ( y1/2

2 )
Asymptotically,

Σdyn(0) → Σ*(0) for Σ*(0) ≫ Σ†

Σdyn(0) → ( 1
π

Σ†Σ*(0))
1/2

for Σ*(0) ≪ Σ†

linear at high surface density

square root at low surface density



If you measure V(R in kpc) you infer diversity.

If you measure V(R in scale lengths) you infer uniformity.

The mass knows about the scale length of the light.

What you get depends on how you look at it: what you assume & what you choose to measure:



• Renzo’s Rule:  (2004 IAU; 1995 private communication)
“When you see a feature in the light, you see a 
corresponding feature in the rotation curve.”

central bulge

stellar disk
gas disk



V2 = GM/R
M is small 
but so is R

The central bulge component of NGC 6946 is only 6% of the 
total light, but it has a perceptible effect on the kinematics. 

Note the up-down-up morphology - this requires a maximal 
bulge; can’t explain that with a dark matter halo.



In NGC 1560,
a marked feature
in the gas is 
reflected in the
kinematics, even
though it accounts 
for little of the 
dynamical mass.

Renzo’s Rule:
“When you see a feature in the light, you see a corresponding 
feature in the rotation curve.”

Gentile et al. (2010)



Mass models for baryonic components

• Bulge

• not always spherical; sometimes more bar-like

• Stellar Disk

• exponential a crude approximation

• in practice, solve numerically for the observed 
surface brightness profile with DISKFIT or 
ROTMOD (in GIPSY)

• Gas disk 

• usually just HI; CO tracks stars

V 2
b (r) = V 2

bulge(r) + V 2
disk(r) + V 2

gas(r)

depends on M*/L

{

gbar =
V2

b

R



NGC 6946

Now have

Surface density data from
Surface photometry (2MASS K’-band) 
Surface photometry (Spitzer [3.6])
Velocity dispersion (Aniyan et al 2020)

Surface density for
stars
gas

and corresponding rotation 
curves for each component

Observed rotation curve

σ2
z ≈ 2πGΣhz



Rb Re R2.2

Vb

Vf

[3.6] surface brightness profile

Rotation curve

The observed centripetal 
acceleration is linked to that 
predicted by the observed 
distribution of baryons.

What about everything in between?

gobs =
V 2

R
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gbar = �@�bar

@R
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gobs =
V 2

R
determined from rotation curve determined from baryon distribution

independent quantities gbar = �@�bar

@R
<latexit sha1_base64="sEKmmGMUNKx6oAb02l0yY6+ZWPs=">AAACK3icbVDLSgMxFL1TX7W+Rl26CRbBjWVGBd0IRTcuXFSxD+iUkkkzbWjmQZIRyjCf5MavcO9GxY2C/2GmHZG2XggczjlJ7jluxJlUlvVmFBYWl5ZXiqultfWNzS1ze6chw1gQWichD0XLxZJyFtC6YorTViQo9l1Om+7wKtObD1RIFgb3ahTRjo/7AfMYwUpTXfPG8bEaCD/pp93kF7tYpCm6QEeOJzBJnAgLxTBHTm3AZlzpn3qXds2yVbHGg+aBnYMy5FPrms9OLySxTwNFOJaybVuR6iTZg4TTtOTEkkaYDHGfJuOsKTrQVA95odAnUGjMTvmwL+XId7Uz21POahn5n9aOlXfeSVgQxYoGZPKRF3OkQpQVh3pMUKL4SANMBNMbIjLAuh+l6y3p6PZs0HnQOK7YJxXr9rRcvcxLKMIe7MMh2HAGVbiGGtSBwBO8wid8GY/Gi/FufEysBSO/swtTY3z/ALYQqZk=</latexit>



(RAR)
153 galaxies

rms = 0.13
s = 0.11

Constructed from 153 galaxies with 
21cm rotation curves and near-IR 
surface photometry from the Spitzer 
space telescope.


Apparently the mass-to-light ratio in 
the near-IR is close to constant: 
individual galaxies do not stand out 
in this relation.

Radial Acceleration Relation



The Radial Acceleration Relation is 
equivalent to the Mass Discrepancy-
acceleration relation, just with 
independent x & y axes.

D =
gobs
gbar

=
V 2

V 2
b
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MDAR



That just assumed constant M*/L. We can fit to the mean RAR, 
marginalizing over distance and inclination as nuisance parameters 
(Li et al. 2018)

Li et al. 2018, A&A, 615, A3 (arXiv:1803.00022)



SPARC



No need to vary g+, which covaries with M*/L 
The data constrain one or the other; not both 

(Li et al. 2018) The distribution of fitted M*/
L is reasonable



• Baryonic Tully-Fisher Relation 

• Central Density Relation 

• Radial Acceleration Relation

gBTFR
† = 1.24± 0.14⇥ 10�10 ms�2
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gCDR
† = G⌃† = 1.27± 0.05⇥ 10�10 ms�2
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gRAR
† = 1.20± 0.02⇥ 10�10 ms�2
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(McGaugh 2011)

(Lelli et al. 2016)

(McGaugh et al. 2016)

All the systematic properties involve a critical acceleration scale.



Baryonic Tully-Fisher Relation
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Flat Rotation Velocity

Can construct a characteristic 
acceleration for each galaxy

g† =
ζV4

f

GMb

is a factor of order unity that accounts for the geometry of 
disk galaxies, which are not spherical cows. We adopt 

ζ
ζ = 0.8 (McGaugh 2005).
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universal acceleration.
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Over 25 decades in acceleration,
galaxies only exist around 1 A/s/s

g†
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o g†
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is a special value


