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“No competent thinker, with the whole of 
the available evidence before him, can now, 
it is safe to say, maintain any single nebula 
to be a star system of coordinate rank with 
the Milky Way.  A practical certainty has 
been attained that the entire contents, stellar 
and nebular, of the sphere belong to one 
mighty aggregation” [i.e., the Milky Way]

- Agnes Mary Clerke (1890)

Popular History of Astronomy during the Nineteenth Century

The existence of the acceleration discrepancy has been established beyond 
reasonable doubt. That this requires the existence of invisible mass has not.
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Not any theory will do - length scale based modifications can be immediately 
excluded as the discrepancy does not appear at a particular length scale.

Radius where Mtot = 2 M*
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Bright galaxies do not require dark matter until far out while dim galaxies require it already at small radii.

Radius where Mtot = 2 M*



There is no unique size scale in the data.  
Can generically exclude any 
modification of gravity where a change 
in the force law appears at a specific 
length scale [e.g., f(R) gravity].

There is a characteristic 
acceleration scale in the data

The mass discrepancy D =
a
gN

a =
V2

R
gN = −

∂Φb

∂R
where and

centripetal acceleration gravitation due to baryons

Equivalent to the Radial Acceleration Relation
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a = g ≠ GM/r2
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Big Bang Nucleosynthesis 
Ωb < Ωm
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δ ∼ 10−5 → 1
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Empirical Laws 
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RAR: 
Mb = AV4
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Axions, etc.

Dark Sector forces 

new mass + new forces  
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Observations of bound systems

Large scale observations

length-scale based modifications

Stacy McGaughThe discrepancy appears at ∼ 10−10 m s−2

Hybrid models 

e.g., dipolar DM 

superfluid DM 
HDM+MOND

ν

Warm DM

Hot DM

Hybrid models 

e.g., dipolar DM 

superfluid DM 
HDM+MOND

ν

nonlocal theories

MOG

QUMOND 
 BIMOND

AQUAL     R
AQUAL

Conformal Weyl gravity

time-nonlocal MOND

a ≠ g = GM/r2

AeST

MOND

Predicted by MOND

Well-fit by CDMΛ

f(Q)

The dark matter problem might more appropriately be called the acceleration discrepancy (Bekenstein)

A graphical representation of the Dark Matter tree slide from second class

https://tritonstation.com/2022/12/05/artistic-license-with-the-dark-matter-tree/


• Flat rotation curves (Rubin-Bosma Law) 

• Tully-Fisher relation (Luminous, Stellar Mass, and Baryonic TF relations) 

• Central density relation (lower surface brightness galaxies exhibit larger mass discrepancies) 

• Renzo’s rule (Sancisi’s Law) 

• Radial acceleration relation

Rotation curves tend asymptotically towards a constant rotation 
velocity that persists to indefinitely large radii:

The baryonic mass of galaxies scales as the 
fourth power of the flat rotation velocity: Mb = AV 4

f
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V (R ! 1) ! Vf
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The central dynamical surface densities of galaxies is 
related to their central surface brightnesses: ⌃dyn(R ! 0) = f [⌃⇤(R ! 0)]
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“For any feature in the luminosity profile there is a corresponding 
feature in the rotation curve and vice versa.” (Sancisi 2004).

The observed centripetal acceleration is related to that 
predicted by the observed distribution of baryons: gobs = F(gbar)
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Recall our empirical laws - these are true in the data irrespective of their interpretation



rotation curves centripetal acceleration curves a =
V2

R



There is a characteristic acceleration scale in the DM problem

a0

The Radial Acceleration Relation (RAR)

acceleration predicted by the observed baryonic matter
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https://tritonstation.com/2022/02/18/a-brief-history-of-the-radial-acceleration-relation/#:~:text=The%20radial%20acceleration%20relation%20shows,do%20have%20mass,%20after%20all.


a = gN for a ! a0

µ

(

a

a0

)

a = gN

µ(x) → 1 for x " 1 µ(x) → x for x " 1

a =
√

gNa0 for a " a0

MOND

Modified Newtonian Dynamics (Milgrom 1983)

a0

Instead of invoking dark matter, modify gravity 
(or inertia).  Milgrom suggested a modification 

at a particular acceleration scale

x =

a

a0

∇

[

µ

(

∇Φ

a0

)

∇Φ

]

= 4πGρ

Derived from aquadratic Lagrangian of 
Bekenstein & Milgrom (1984) to satisfy 
energy conservation.

(t,x) ! �(t,x)MOND regime invariant under transformations

Newtonian regime MOND regime

Regimes smoothly joined by

Modified Poisson equation

http://www.scholarpedia.org/article/The_MOND_paradigm_of_modified_dynamics

http://www.scholarpedia.org/article/The_MOND_paradigm_of_modified_dynamics


rotation curves centripetal acceleration curves a =
V2

R
Newtonian regime

Deep MOND regime



• The Tully-Fisher Relation  

• Slope = 4 

• Normalization = 1/(a0G) 

• Fundamentally a relation between Disk 
Mass and Vflat 

• No Dependence on Surface Brightness 

• Dependence of conventional M/L on radius 
and surface brightness  

• Rotation Curve Shapes  

• Surface Density ~ Surface Brightness  

• Detailed Rotation Curve Fits  

• Stellar Population Mass-to-Light Ratios  

MOND predictions

“Disk Galaxies with low surface brightness provide particularly strong tests”



In MOND limit of low acceleration

a =

√

gNa0

V 2

R
=

√

GM

R2
a0

Simple (point mass) example: 
note that radial dependence 
cancels; squaring both sides 
gives TF relation:

V
4

= a0GM

In general (not a point mass): Mb = AV4
f A =

ζ
a0G

with

where ζ ≈ 0.8 for disk galaxies of finite thickness
(recall that flattened mass distributions
rotate faster than their spherical equivalent)



• The Tully-Fisher Relation  

• Slope = 4 

• Normalization = /(a0G) 

• Fundamentally a relation between Disk 
Mass and Vflat 

• No Dependence on Surface Brightness 

• Dependence of conventional M/L on radius 
and surface brightness  

• Rotation Curve Shapes  

• Surface Density ~ Surface Brightness  

• Detailed Rotation Curve Fits  

• Stellar Population Mass-to-Light Ratios  

ζ

MOND predictions

✔
✔
✔

✔ !



Why?

Physics of the BTFR scaling relation

dark matter MOND

halos:
baryons:

TF Slope should be around 3

Mtot = Mb =

V 4

a0G

Should work as long as

object not tidally disrupted

an absolute consequence

of the force law for a << a0:

gN = µ

(

g

a0

)

g

µ → 1 g ! a0 g = gNfor so
Newtonian regime:

µ → g/a0 g ! a0 g =

√

gNa0sofor
MOND regime:

Should only work for

objects in MOND regime

Should depend on baryon distribution, 
unless all disks are submaximal

V(r) =
G[Mb(r) + MDM(r)]

r

VDM =
GMDM

r
Vb =

GMb

r

Mb ∝ M200 ∝ V3
200
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Residuals

Keplerian prediction:  

Observed:  

depends only on mass - no residuals with galaxy size!

V =
G[Mb(r) + MDM(r)]

r
V = 4 a0GMb

Expected behavior

“This result surprised the bejeepers out of us, too”
McGaugh & de Blok (astro-ph/9801102)

Baryonic Tully-Fisher relation  
The amplitude of the rotation speed correlates with mass



MOND predictions

✔
✔
✔

✔

✔

• The Tully-Fisher Relation  

• Slope = 4 

• Normalization = 1/(a0G) 

• Fundamentally a relation between Disk 
Mass and Vflat 

• No Dependence on Surface Brightness 

• Dependence of conventional M/L on radius 
and surface brightness  

• Rotation Curve Shapes  

• Surface Density ~ Surface Brightness  

• Detailed Rotation Curve Fits  

• Stellar Population Mass-to-Light Ratios  

D =
gobs

gbar
=

Mtot

Mbar
≈

M
L



MOND predictions

✔
✔
✔

✔

✔

✔

• The Tully-Fisher Relation  

• Slope = 4 

• Normalization = 1/(a0G) 

• Fundamentally a relation between Disk 
Mass and Vflat 

• No Dependence on Surface Brightness 

• Dependence of conventional M/L on radius 
and surface brightness  

• Rotation Curve Shapes  

• Surface Density ~ Surface Brightness  

• Detailed Rotation Curve Fits  

• Stellar Population Mass-to-Light Ratios  



• The Tully-Fisher Relation  

• Slope = 4 

• Normalization = 1/(a0G) 

• Fundamentally a relation between Disk 
Mass and Vflat 

• No Dependence on Surface Brightness 

• Dependence of conventional M/L on radius 
and surface brightness  

• Rotation Curve Shapes  

• Surface Density ~ Surface Brightness  

• Detailed Rotation Curve Fits  

• Stellar Population Mass-to-Light Ratios  

MOND predictions

✔
✔
✔

✔

✔

✔

✔

central surface brightness
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bend depends on shape of the interpolation function (arxiv:1607.05103)

Σ†
⌃† ⇡ 900 M� pc�2
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Σ† = a0/G

Σdyn ∼ Σ1/2
* for Σ ≪ Σ†

Σdyn ∼ Σ* for Σ ≫ Σ†
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MOND is a surprisingly effective algorithm for mapping what you see to what you get

This must be telling us something


